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Abstract
We prove a class of double inequalities for the gamma function which were conjectured by Batir
[On some properties of the gamma function, Expo. Math. 26 (2008) 187–196].
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Recently, there has been much interest in inequalities for Euler’s gamma function
(z) =
∫ ∞
0
uz−1e−u du, z > 0;
see [2] and the references therein, for example. In [2], Batir proved the following remarkable
inequalities for m = 1, 2, 3 [2, Theorems 2.4–2.6] and left the general case as a conjecture.
These give bounds on the error of approximating log(x + 1) by a power series.
Theorem 1. For x > 0 and m = 1, 2, . . . , let
fm(x) = log(x + 1) + x +
m∑
k=2
(−1)k−1(k)
k
xk ,
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where =0.5772156649 . . . is Euler’s constant, and (s)=∑∞n=1n−s, s > 1, is Riemann’s
zeta function. Then
(−x)m+1
(m + 1)!
(m)((x))< (−1)m−1 fm(x)< (−x)
m+1
(m + 1)!
(m)((x)),
where (m)(z) = dm+1 log(z)/dzm+1 and
(x) = 1 + x
m + 2 ,
(x) = x
[
(−1)m(m + 1)
(
log(1 + x) −
m∑
k=1
(−1)k−1xk
k
)]−1/(m+1)
.
This note completes the proof of Theorem 1 for all m1. The argument largely
follows [2].
Proof of Theorem 1. Integrating the series representation [1, 6.3.16] for = (0),
(x + 1) = −+
∞∑
k=1
(
1
k
− 1
k + x
)
,
we obtain
log(x + 1) = −x +
∞∑
k=1
(
x
k
− log k + x
k
)
, x > 0. (1)
From the Taylor expansion of log(x) we get
log
k + x
k
=
m∑
n=1
(−1)n−1
n
( x
k
)n + (−1)m xm+1(m + 1)(k + w(k))m+1 , (2)
where 0<w(k)< x . Thus (1) and (2) yield
log(x + 1) = − x +
∞∑
k=1
[
m∑
n=2
(−1)n
n
( x
k
)n − (−1)m xm+1(m + 1)(k + w(k))m+1
]
= − x +
m∑
n=2
(−1)n(n)xn
n
− (−1)
m xm+1
m + 1
∞∑
k=1
1
(k + w(k))m+1 .
That is,
(−1)m−1 fm(x) = x
m+1
m + 1
∞∑
k=1
1
(k + w(k))m+1 . (3)
It can be shown that, for fixed x > 0,w(k) strictly increases in k. In [2], this is established
for m = 1, 2, 3; below is a simple argument that works for all m1. Letting t = x/k in (2)
we get
w(x/t) = x[(m + 1)g(t)]−1/(m+1) − x/t , (4)
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where
g(t) = (−1)m
[
log(1 + t) +
m∑
n=1
(−1)n
n
tn
]
.
Equivalently we need to show w(x/t) decreases in t , i.e.,
dw(x/t)
xdt
= − t
m
1 + t [(m + 1)g(t)]
−(m+2)/(m+1) + 1
t2
< 0. (5)
However, since g(t)> 0, (5) is equivalent to
h(t) ≡ g(t) − t
m+1
(m + 1)(1 + t)(m+1)/(m+2) < 0,
which follows from h(0) = 0 and
h′(t) = t
m
(1 + t)(2m+3)/(m+2)
[
(1 + t)(m+1)/(m+2) − 1 − (m + 1)t
m + 2
]
< 0, t > 0,
using the familiar inequality (1 + t)< 1 + t for 0< < 1, t > 0.
Moreover, from (4) we get
w(1) = x[(m + 1)g(x)]−1/(m+1) − 1
and
w(x/t)
x
=
[
tm+1 − (m + 1)t
m+2
m + 2 + o(t
m+2)
]−1/(m+1)
− 1
t
= 1
m + 2 + o(1)
as t → 0. That is,
w(∞) ≡ lim
k→∞
w(k) = x/(m + 2).
Thus, in view of (3),
xm+1
m + 1
∞∑
k=1
1
(k + w(∞))m+1 < (−1)
m−1 fm(x)< x
m+1
m + 1
∞∑
k=1
1
(k + w(1))m+1 .
The claim then follows from this and the series representation [1, 6.4.10]
(m)(z) = (−1)m−1m!
∞∑
k=0
1
(k + z)m+1 . 
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